In this paper, an extended mean-field lattice hydrodynamic model is proposed which considers the average effect of multi-lattices interaction. By stability analysis, the linear stability criterion of the proposed model is given. Through nonlinear analysis, we derive the mKdV equation to investigate the traffic jams described by traffic density wave. Then, the numerical simulations are carried out. The simulation results show that that the average effect of multi-lattices interaction plays the great important part in curbing traffic congestion. Increasing the impact of the mean-field multi-lattices interaction can curb the congestion effectively and make the traffic system more stable.
I. INTRODUCTION
Nowadays, traffic congestion has become the key problem and difficult problem of city management, which leads to traffic safety, energy wastage and air pollution. For a long time, many scholars are concerned about the study of traffic congestion [1] - [3] .
For deeply revealing characteristics of traffic flow, traffic models (such as car-following models, hydrodynamic models) were proposed [4] - [7] . Several typical car-following models are widely studied, such as optimal velocity (OV) model [4] , full velocity difference (FVD) model [5] , coupled map (CM) model [6] . In 2018, Guo et al. [7] presented the mean-field velocity difference model considering the average effect of multiple interactions. The classical macro traffic model was proposed by Lighthill, Whitham and Richards(LWR model) [8] - [9] . Through the corresponding relationship between macro and micro by Jiang et al., it is directly from the periphery full velocity difference model to the anisotropic macro fluid model [10] . Based on the The associate editor coordinating the review of this manuscript and approving it for publication was Yue Zhang . corresponding relationship between macro and micro, a lot of continuum models are presented [11] - [15] . Based on macroscopic perspective, Zhao et al. [11] proposed an extended macroscopic traffic flow model to investigate the multiple optimal velocity functions with different probabilities. Xue et al. [15] presented a new macroscopic model on the curved road and analyzed the factors affecting traffic congestion.
We also noticed that the lattice hydrodynamic model is a very important macro model, which could investigate many important traffic phenomena and congestion behaviors. In 1998, Nagatani [16] , [17] proposed lattice hydrodynamic model(LH model) for the first time. The LH model is the deformation of fluid dynamics model which discretizes the original fluid dynamic equation. Then, in order to study the two-way traffic, Nagatani [17] proposed the two-way lattice hydrodynamic model. Based on the LH model, a lot of improved models are presented [18] - [27] . Some improvements were proposed by Tang et al. based on two-way lattice hydrodynamic model [18] . Tang et al. [19] proposed the lattice hydrodynamic model by considering the density difference with on-ramp, and obtained various patterns of congested traffic. Wang et al. [21] improved the two-lane lattice hydrodynamic model with on-ramp to investigate the congested patterns of traffic flow. Zhang et al. [22] studied the two-lane lattice hydrodynamic model with reduced lane. Ge et al. [23] researched the ''backward looking'' effect of lattice hydrodynamic model. The drivers' forecast effect [24] , optimal current difference [25] , [26] and the effect of traffic interruption probability [27] , [28] have been studied extensively based on the LH model. Based on LH model, many solutions are proposed to research the method of controlling traffic congestion. Ge et al. [29] presented the control scheme of flow difference. Redhu and Gupta [30] - [32] proposed the feedback control scheme for two-lane traffic system. Considering the reaction time of drivers, Xue et al. [33] improved the lattice hydrodynamic model and proposed the feedback control policy to suppress traffic congestion.
In this paper, our motivation attempts to investigate the average effect of multi-lattices interactions to relieve the traffic jams. So, we proposed the mean-field lattice hydrodynamic model considering the average effect of multi-lattices interaction in section 2. In the section 3, the linear stability of the proposed model is analyzed and the linear stability conditions are obtained. In the section 4, the mKdV equation is obtained and the solution of kink-antikink density wave is revealed via nonlinear analysis. Numerical simulations are implemented to test theoretical analysis in the section 5. Finally, some conclusions are given.
II. THE MODEL
Nagatani [16] proposed the lattice hydrodynamic model (LH model) firstly in 1998. The LH model is the discrete equation of continuity model to describe phase transition and traffic jams on highway. The LH model is described as:
where ρ j and q j is the density and traffic volume of the lattice j, and ρ 0 is the average density. V (ρ j+1 ) is the optimal velocity at lattice j+1. We use the optimal velocity function as follows:
where h c is the safety distance. If the stability condition is met, traffic flow is in stable region and the small disturbances away from equilibrium will decay or even disappear. Considering relative flow(flow difference) for a few lattices, Ge et al. [29] proposed the feedback control model. To think about more lattice interactions, we consider the average effect of multi-lattices interaction. An improved mean-field lattice hydrodynamic model is proposed as:
where λ is the weight coefficient of the effect of meanfield. Substituting Eq. (4) into Eq. (5), we get the following equation:
III. STABILITY ANALYSIS
In this section, the linear stability analyses are studied for new model. The initial time of the system is assumed to be uniform flow, and the perturbation y j is added to the steady state of traffic flow. So the density of the jth lattice is written as:
With replacement of y j , Eq. (6) can be rewritten as:
By expanding y j = exp(ikj + zt), the following equation is derived for z:
In Eq. (9), the following equations can be obtained as:
and k = 2π n m, m = 1, 2, . . . , n − 1. The following equation is derived as:
So, Eq. (9) can be rewritten as:
Using e ik = 1 + ik + (ik) 2 2 + · · · and instering z = z 1 (ik)+z 2 (ik) 2 +· · · , the first and second order terms are VOLUME 7, 2019 obtained and the following equation is obtained as:
In Eq. (14), let first order and second order terms coefficient of ik and (ik) 2 are zero. The value of z 1 and z 2 is given as:
If the z 2 is negative value, the traffic flow is unstable. So the uniform traffic is unstable if
We can observe that when λ = 0, the Eq. (17) is stability condition in Nagatani's LH model [16] . FIGURE 1 shows that the phase diagrams with the different weight coefficient λ. The outside of the curve is stable. The opposite is unstable. According to FIGURE 1, we find that the stable region is contractible when λ = 0 and the stable region is expansile when λ = 0.5 for λ = 0, 0.2, 0.3, 0.5. In other words, traffic flow will be more and more stable with the increase of the strength λ. So the weight coefficient λ has a great influence on the stability of traffic flow.
IV. NONLINEAR ANALYSIS
Next, nonlinear analysis of the proposed model is investigated by using the reductive perturbation method. We define that a small positive scaling parameter ε(0 < ε 1) and time slow variable T and space slow variable X in steady state as follows:
is the constant. We derive Eq. (6) to the fifth order of ε and ε = 3 1 (n − 1) (n>2):
The sensitivity a is represented under near the critical value:
By reducing the second and third orders terms, the following equation is obtained as:
The following transformations are assumed as:
We get the standard mKdV equation with O(ε) correction term:
The kink solution of the modified KdV equation is derived via ignoring the correction term O(ε):
Then, we consider the correction term O(ε) and obtain R (X , T ) = R 0 (X , T ) + εR 1 (X , T ). In order to get the solution of the kink wave, we assume that meet the following solvability condition:
So we get the velocity of kink wave c is derived as:
The kink-antikink solution is obtained as:
The amplitude A of kink-antikink wave is formulated as:
The kink-antikink wave could describe the free flow phase and jam phase and investigate the evolutionary process of traffic flow.
V. NUMERICAL SIMULATION
In this section, numerical simulation experiments are used to test theoretical analysis. The whole road is divided into 140 uniform lattices. The periodic boundary conditions are adopted as:
The related parameters are selected as: a = 1.0, ρ 0 = 0.25, v max = 2, h c = 4.0, N = 140
In initial time, the traffic system is in a uniform state:
A small disturbance is exerted on the 56th-60th lattices: density in the 50-55 sites equals to 0.5 and the 56-60 sites is 0.2. In order to perform simulation, we make a difference for Eq. (6). According to Eq. (8), the density equation is derived as:
Firstly, we conduct simulation for short-time traffic behavior. We select 4 sites on the road for simulation to study the change of instantaneous density. The results are shown in with the increase of λ, the instantaneous density of 4 sites transforms from unstable large amplitude wave propagation to stable triangular wave with gradually reduced amplitude. For further studying the evolution of driving behaviors of traffic flow, FIGURE 3 presents the long-time traffic behavior. When λ = 0, the density of 4 sites in the road presents In order to study the degree of motion order in a certain position on the road, the density-difference of density diagram of the vehicle is used to describe the relative changes of motion. FIGURE 4 and 5 shows the scatter plots of hysteresis loop of density difference ρ j (t) − ρ j (t − 1) and ρ j (t) at the 2nd site, 25th site, 55th site and 80th site, respectively. It is very obvious that FIGURE 4(a), 7(a), 8(a) and 9(a) show chaotic pattern when λ = 0. This shows that the unstable state of the system presents a hysteretic loop from one chaotic periodic orbit to another, thus forming a chaotic distribution diagram. When λ = 0.5, the density-difference of density diagram of each site in the traffic system shrinks to a narrow and limited periodic orbit, which indicates that the traffic system is in stable state at this time and traffic congestion does not occur.
VI. CONCLUSION
With consideration of the collective effect of multi-lattice interaction, an improved mean-field lattice hydrodynamic model is proposed. Through linear stability analysis, the stability criterion of the mean-field lattice hydrodynamic model can be obtained. The weighting coefficients of the average effect of multi-lattices interaction are discussed. Phase diagram analysis shows that the average effect of multilattices interaction can improve the stability of traffic flow and release traffic congestion. For investigating the evolution of traffic density wave, nonlinear analysis is executed. The mKdV equation is obtained. The kink-antikink density wave is revealed. In numerical simulations, the change of temporal density, spatiotemporal evolution of density wave, and phase pattern of traffic wave are analyzed. The simulation results show that the average effect considering the multi-lattices interaction can effectively alleviate traffic congestion which is consistent with theoretical analysis. Meanwhile, we can find when the multi-lattices interaction is considered, the hysteresis loop are contracted in phase plot. This phenomenon shows that the traffic jam has been eased. Consequently, an improved mean-field lattice hydrodynamic model can be an option for feedback control of traffic flow to realize the control strategies for the intelligent and connected traffic.
